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Abstract. Eisenbud and Harris introduced the theory of limit linear series, 
and constructed a space parametrizing their limit linear series. Recently, Os- 
serman introduced a new space which compactifics the Eisenbud-Harris con- 
struction. In the Eisenbud-Harris space, the set of refined limit linear series 
is always dense on a general reducible curve. Osserman asks when the same 
is true for his space. In this paper, we answer his question by characterizing 
the situations when the crude limit linear series contain an open subset of his 
space. 



1. Introduction 

Fix r, d <E N. In the 1980's Eisenbud and Harris introduced the concept of limit 
linear series of dimension r and degree dona reducible curve X of compact type 
and genus g [T]. They also constructed a space G^' EH (A) parametrizing their limit 
linear series on X. There is an open subset of G r J EH (X) consisting of "refined" 
limit linear series, and its complement consists of "crude" limit linear series. When 
working with families of curves, the Eisenbud-Harris construction is forced to omit 
the locus of crude limit linear scries. Brian Osserman recently introduced a new 
construction G r d (X) parametrizing a modified notion of limit linear series [2]. Os- 
serman's construction is restricted to the case of curves with two components, but 
it allows the inclusion of crude limit linear scries even when working with families 
of curves. 

When X is a general reducible curve, in the Eisenbud-Harris construction, the 
set of refined limit linear series is always dense in G r d ' Eii (X). Osserman asked in [5J 
Question 7.2] whether the same is true in G d (X), and if not, which types of crude 
limit linear series contain an open subset of G r d (X). The purpose of this paper is 
to answer this question. 

Accordingly, we suppose throughout that X is a reducible curve with two smooth 
components Y and Z that intersect at the node p. We recall the Eisenbud-Harris 
definition in this case. For any pair of linear series V Y and V z on Y and Z re- 
spectively, both of dimension r and degree d, let a Y := {a Y }i =0 aim flZ := { fl f }T=o 
be the vanishing sequences of V Y and V z at p. By the definition of vanishing 
sequences, we have that 

(Al) < a Y < a\ < ■ ■ ■ < a Y < d, 

(A2) < af < af < ■ • • < a z < d. 
The pair (V Y , V z ) is an Eisenbud-Harris (EH) limit linear series of dimension r 
and degree d on X if 

(A3) a Y + a z _i > d, for i = 0, 1, . . . ,r. 
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If equality holds in (A3) for all i = 0, 1, . . . , r, then (V Y , V z ) is a refined EH limit 
linear series; otherwise, (V Y ,V Z ) is a crude EH limit linear series. 

For any integer sequences (a Y , a z ) satisfying (A1)-(A3), we denote by G d (X; a Y , a z ) 
the space consisting of EH limit linear series with vanishing sequences (a Y ,a z ). 
This gives a stratification of G d EH (X). 

We use the term limit linear series (without EH) to refer to the modified notion 
introduced by Osserman. For a fixed reducible curve X, there is a surjective map 
7r from G d (X) to G r J EtL (X), and refined and crude limit linear series are defined as 
the preimage under tt of refined and crude EH limit linear series. Furthermore, tt 
is an isomorphism on refined limit linear scries, but not on crude limit linear series, 
where it typically has positive-dimensional fibers. 

Wc need the following definition to state our main theorem. For convenience, 
we write j G a Y if j = aY for some i, and write j G a z if j = a z for some %' . 

Definition 1.1. Suppose (a Y , a z ) satisfy (A1)-(A3). For any i G {0, . . . , r}, we say 

(a Y , a z ) is connected at i if there exists j G {0, . . . , d} such that d~a z _ i < j < a Y , 
any integer between j and a Y (inclusive) is in a Y and any integer between d — j 
and a z _i (inclusive) is in a z . Sometimes we say (a Y ,a z ) is connected at i via j if 
we want to indicate which j we use. 

(a Y , a z ) is connected if (a Y , a z ) is connected at every i G {0, . . . , r}. 

We now state our main theorem. 

Theorem 1.2. Suppose X is a general reducible curve. Then ir~ 1 (G d (X;a Y ,a z )) 
contains an open subset of G d (X) if and only if G d (X ; a Y , a z ) is nonempty and 
(a Y ,a z ) is connected. 

Eisenbud and Harris showed that the dimension of each component of G^ EH (X) 
is at least the "Brill-Noether number" 

p := (r + l)(d - r) - rg, 

with equality if AT is a general reducible curve. In |3], Osserman was able to show 
this is also true for the space G r d (X). Thus, when X is general, 7r -1 (G^(A; a Y , a z )) 
contains an open subset of G d (X) if and only if it has dimension p. 

In fact, without any generality hypothesis on X, for each EH limit linear series 
(V Y , V z ) with vanishing sequences (a y , a z ), Osserman gave a stratification of the 
fiber of 7r over (V Y , V z ), and also a purely combinatorial formula for the dimension 
of each stratum. Because of the complexity of these formulas, he did not analyze 
them directly. Instead, he gave an indirect argument to bound the dimension of 
fibers of tt in order to conclude that dim(G d (X)) = p when X is general. 

In this paper, we use a combinatorial analysis of Osserman's formula to prove 
our main theorem by computing when we can have dim(7r _1 (G d (X; a Y , a z ))) = p. 

2. Preliminaries 

In this section, we review Osserman's related work in detail, and state our prob- 
lem in a combinatorial setting. Recall A is a reducible curve with two components 
Y and Z that intersect at the node p. Suppose (a Y , a z ) is the vanishing sequences 
of an EH limit linear series (V Y , V z ) at p. Thus, (a Y ,a z ) satisfies (Al)-(A3). 

For j = 0, . . . , d, let 

(A2B) bj := #{i : of > j}, and bf := #{i :a z >d- j}. 
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We state without proof the following trivial lemma. 
Lemma 2.1. Suppose we have integers a Y — {a Y }^ = 



(Al) and (A2), and integers b y 
Then we have the following: 



(Bl) 



{bj}f =0 and b l 



and a = {af}l =0 satisfying 
{bf}f =0 are given by (A2B). 



if j E a 5 
if 3 ^a 1 



Vi = 0,l,. 



,d- 1. 



(B2) 



b f- b f-i = 



ifd 
ifd 



j G a' 



■J 1.2....,/. 



For each point of G r d (X) in the fiber of (V Y , V z ), Osserman associates integers 

}?=o. {/9f }j=o. and {^ Ijti 1 satisfying for any j = 1, . . . , d - 1 
(CI) £j = or 1, and ej = unless j <E a Y and d — j G a z . 

(C2) br +1 >pj-^>pj +1 . 



(C3) 6f_i > # 



>/9f-i 



(C4) pj+pf-e, >r+l. 

(C5) 1 + r > + /3f and 1 + r > 0f + (3? 



(C6) /3 y = /?f = r + 1, and /?J 



= 
> 0' 



= 
> 0' 



This gives a stratification of the fiber of (V , V ). Given /3 y = {$/}!- =0 , P = 

{@f}j=o> ano - e = { e j} d j=i satisfying the above conditions, Osserman [3l Theo- 
rem 4.2, Lemma 5.4] proves that the corresponding stratum is nonempty and has 
dimension given by 

d-l 



4=1 



Pj +1 )(bJ +1 -PJ + e 3 -) + G9f - /3f_!)(6f_i 



0f + e 3 -) 



+ (r + i-pY +1 -0?_ 1 )(p? + p? 



I) 



J j+1 Vj-DKHj ^^3 C J 

Remark 2.2. The dimension formula is given in (4.8) in [3]. The notation there is 
different from what we use. The following table shows the correspondence between 



Indices 






l<j<d 


< j < d - 1 


l<j<d-l 


Our notation 


d 


r 






e 3 


Osserman's notation 


n - 1 


r-1 


d Vi, J + i 


d V n , ] + i 


d Z]+1 



In [H Theorem 4.2], Osserman gives restrictions (4.2)-(4.7) on d 



and d Zi+1 , as well as conventions d 



Vi,„ 



d(Yi n) an d d\ 



d{V n: i), then con- 



cludes the dimension formula (4.8). We will verify that these conditions arc equiv- 
alent to our conditions (C1)-(C6), and also that the dimension formulas are the 
same. 

By Lemma 5.4 in [3], we have that 

d(Vij+i) and bf = d(V nJ+1 ), for j 



0,1..., d. 

b) d{Vy, n ) = #{i : af < 0} and d(V n<1 ) = #{i : a Y < 0}. 

c) d(Z j+ x) = 1, for j = 1, . . . , d - 1. 

First, it is clear that the conditions (C2)-(C5) are exactly the conditions (4.3)- 
(4.7) in [3]. Second, by b), one sees that the second half of (C6) is equivalent to the 
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convention dy 1 „ := d(Vi, n ) and dv n x := d(V n ,i). Strictly speaking, Osserman does 
not define [3 Y and (3 Z , and they do not appear in the dimension formula, but wc 
will find the convention (3 Y = [3 Z = r + 1 convenient. Therefore, we have condition 
(C6). 

Combining c) and [3l Lemma 4.4/ (i)] , we have that 

(2.1) d(z ld+1 nz n , j+1 )<i 

and the equality holds if and only if d(Z ij+i) = d(Z n j + i) = 1. Hence, the con- 
dition (4.2) in [3] is equivalent to ej = or 1 and ej = unless d(Z~i t j+i) = 
d(Z nJ+1 ) = 1. However, byJH Lemma 3.4], d(Z x> j+i) = d(V 1J+1 ) - d{Vi J+2 ) = 
bj-bj +1 . Thus, by ifBljl . d(Z~i tj+ i) = 1 if and only if j G a Y . Similarly, d(Z n j +1 ) = 
1 if and only if d — j G a z . Hence, condition (4.2) in [3] is equivalent to (CI). 

Finally, one notices that the only difference between the summands of &{j3 Y , (3 Z , e) 
and the dimension formula (4.8) in [3] is that the latter has an additional term 
d Zj+1 (d(Z\j + i fl Z n j + i) — d Zj+1 ). However, by condition (4.2) in [3J and (|2.ip . in 
our situation this term is always zero. 

Via an indirect argument, Osserman also proves 

Theorem 2.3. |3j Corollary 5.5] For any [3 Y = {/3f}j =0 , P z = {/3f }| =0 , and 
e = {fj}jzl satisfying conditions (C1)-(C6), we have that 

T 

(2.2) ®{p Y ,p z ,e) <5>f +a z _ q -d). 

i=0 

Hence, the dimension of the space of the crude limit series corresponding to a given 
EH limit linear series iV Y , V z ) is bounded above by Y^i=o( a i' a r-i ~ d). 

It is clear that the stratification and the dimension formula only depend on 
(a Y , a z ), and are otherwise independent of the choice of (V Y , V z ). Therefore, given 
any integer sequences (a Y ,a z ) satisfying (A1)-(A3) with nonempty ir~ 1 {G r d {X] a Y , a z 
we have that 

dim( 7 r- 1 (GS(X; a Y ,a z )) = dim^ 1 (V Y , V z )) + dim(G r d (X; a Y , a z )), 

where (V Y , V z ) is any EH limit linear series with vanishing sequences (a Y , a z ). 
For X general, Eisenbud and Harris [I] Theorem 4.5] showed that 

r 

dim(G d (X; a Y ,a z )) = p - + a z M - d). 

i=0 

We thus see that Theorem 11.21 follows if we prove that for given (V Y , V z ) with 
vanishing sequences (a Y , a z ), we have dim(7r _1 (F y , V z )) = Y^i=o{ a Y + a r-i — ^) 
if and only if (a Y , a z ) is connected. However, dim(7r _1 (V Y , V z )) is the maximum 
of 2>{j3 Y , f3 z ,e) over all possible ((3 Y ,(3 Z ,e) satisfying (C1)~(C6). Hence, Theorem 
11.21 follows from the following theorem. 

Theorem 2.4. (a Y ,a z ) is connected if and only if there exist (3 Y — {f3 Y }j =0 , 
f3 z = {[3 z }j =0 , and e = {cj} d jZ\ satisfying conditions (C1)~(C6), such that the 
equality in (|2.2p holds. 

Our goal for the rest of the paper is to prove Theorem 12.41 In fact, we will also 
reprove Theorem 12.31 with a direct combinatorial analysis. In the process, we will 
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establish a necessary and sufficient condition for the equality in (|2.2p to hold, which 
we use to prove Theorem [231 

3. Synchronization of indices 

One difficulty in comparing the two sides of (|2.2p is that they are indexed dif- 
ferently. The left side 3>(f3 Y , (i z , e) is indexed by j from 1 to d — 1, and the right 
side is indexed by i from to r. In this section, we will discuss a relation between 
i's and j's, and use that to rewrite both side of (|2.2[) so that they have the same 
indexing. For simplicity, we start with a definition. 

Given any integer sequences a Y = {a Y }^ =0 and a z = {af }[ =0 satisfying (Al)- 
(A3), integer sequences b Y = {b Y }f =0 and b z = {b z }f =0 arc determined by (A2B). 
Thus, the conditions (C1)-(C6) are determined by a Y and a z . If a set of integers 
P Y = { ! ) \1 o, P Z = {0?}j=o, and e = i e j}jZl satisf y conditions (C1)-(C6) 
associated to the given a Y and a z , we call ((3 Y ,P z ,e) admissible with respect to 
(a Y ,a z ). (Wc often omit "with respect to (a Y ,a z ) v if there is no possibility of 
confusion.) 

From now on, we will assume that (a Y , a z ) is a fixed pair of integer sequences 
satisfying (Al)-(A3), and (b Y , b z ) are determined by (A2B). There are a few basic 
properties of an admissible (j3 Y ,(3 Z , e) that we often need to use in our proofs. We 
summarize them in the following lemma. 

Lemma 3.1. Suppose ((3 Y ,(3 z ,e) is admissible. Then we have the following: 



(3.1) bj >(3 Y ,bf >pf, v./ I). 1 d. 

(3.2) r + 1 = f3 Y > H\ > ■ ■ ■ > pj > 0. 

(3.3) 0<ffi<P? <■■■<$ =r+l. 

(3.4) If ffi ^ 0, then ffi = 1, a Y = and a z = d. 

(3.5) If/3 Y ^ 0, then [3 Y = 1, a z = and a Y = d. 

(3.6) b Y + 0§ - r - 1 = 0. 

(3.7) 6f_i +0J ~ r - 1 = 0. 



Proo/. By (C2), it is clear that bj > (3 Y for any j = 2, . . . , d. If j = 0, by (A2B) 
and (C6), bj = r + 1 = /3j . If j = 1, by (C2), (JHU) and (CI), we have that 
Pj < + e j < Therefore, 6^ > 0J for any j = 0, 1, . . . , d. Similarly, we can 
show that b z > 0f for any j = 0, 1, . . . , d. Thus, (|3~T|) holds. 

> 0i is the only part of (|3.2p that does not directly follow from conditions 
(C1)-(C6). However, by ijgj]) . we have < 6f < r + 1 = /3<jf . Thus, (O holds. 
We can similarly show that (|3.3[) is true. 

Both (O and (J33J) follow from (C6) and (Al)-(A3). One can verify ([S^ and 
p.7p by considering whether e a 1 and whether G a z , respectively. □ 

The following lemma is the first step of our rewriting of the right hand side of 
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Lemma 3.2. Suppose (/3 ,/3 , e) is admissible. Then 

(3.8) + aU - d) = £ (4 + " <0 = E ^ + ~ d ) 

i=0 i=/3Z i=/3 z 

Proo/. The first equality in ([H]) holds if /3jf = 0. Suppose /3jf ^ 0. Then by 
Oq = and = d, so a Y + a z — d = 0. Hence, the first equality in (|3.8p still holds. 
We can similarly show that the second equality in (|3.8p always holds. □ 

Because of the above lemma, we will focus on i between Pq and r — Pj . Given 
an admissible (J3 Y , P z , e), for any i with P z < i < r — pY , by (C6), we have 

r + 1 - $f < Pi < i < r - p Y < /3| - 1. 

Thus, by (|3.2p and (|3.3p . there exist unique j% G {0, . . . , d — 1} and j2 G {1, . . . , d} 
such that 

(3.9) r + l-pl <i<r-/3j 1+1 , 

(3.10) pf 2 _, < i < 0? - 1. 

Definition 3.3. Suppose ((3 Y , (3 Z , e) is admissible. Writing j3 = (J3 Y , (3 Z ), we define 

h = I ( P Y ,I3 Z ) ~ i l ■ Po < * < r ~ Pd}, 
and then define a map 

# = V>(/3 y ,/3 z ) : ->■ {0, . . . , d - 1} X {1, . . . ,d}, 
by mapping each i G Z« to the pair (ji,j2) determined by (|3.9p and (|3.10p . 

Lemma 3.4. Suppose ((3 Y ,(3 z ,e) is admissible. For any i G Ip, tpp(i) is either 
(ii j)i f or some j G {1, . . . , d— 1}, or (j — /or some j G {!,..., d}. Furthermore, 



for some j G {1, . . . , d — 1}, i/ and ordy i/r + 1 — /Jj' < i < pf — 1; 



{(j - l.i) / or some j G {1, . . . ,d}, i/ and ordy i//3/_! < i < r - /3j . 

Proof. Let ^s(i) = We first show that j2 — 1 < ji < J2- Since (|3. 9|) and 

(I3.10P arc both satisfied, we must have 

r + 1 - Pi < Pf 2 - 1 and p^_ x < r - p Y +1 . 

Thus, if ji ^ 0, then by using (C5) and ((575J1 . 

/3?_ x < r + 1 - /?£ < /3/ 2 =>■ ii - 1< j 2 => h < h- 

If j'x = 0, it is clear that we still have j\ < j2- 
If ji i^d-l, then by using (C4) and flO]) , 

< r + 1 - /3£ +1 < p? +1 => , ? 2 - K Ji + 1 .72 - 1 < ji- 

If ji = d — 1, we also have j2 — 1 < ji. 

Hence, we must have that j\ = j2 or = 72 — 1- Therefore, tpp(i) = or 
(j - for some j. 

By the definition of ijjp, we have that ipp(i) — (j, j) if and only if p.9p and (|3.10D 
are satisfied for ji = j'2 = j, which is equivalent to 

r + 1 - Pj = max(r + 1 - p] \pf_ x ) < i < min(r - Pj +1 ,Pf - 1) = 0? - I. 
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Also, since j\ 6 {0, ... , d— 1} and ]2 G {1, . . . , d}, we must have that j G {1, . . . , d— 
!}• , 

Similarly, we can show that ipp(i) = (j — 1, j) for some j G {1, . . . , d} if and only 
iipf-x<i<r-pj. a 

Corollary 3.5. Suppose ((3 Y , (3 Z , e) is admissible. For any j G {1, . . . , d — 1}, 

Mp~\jJ) = #{* G J/9 : iMO = (i,i)} = Pj + Pf ~(r+ i). 

Thus, t^p is nonempty if and only if Pj + Pf ^= r + 1. 

For any j G { 1 , . . . , d} , 

- 1, j) = #{* G Ip ■ M*) = 0' - l,i)} = r + 1 - # - /3f_!. 

Thus, ij}a~{j — 1, j) is nonempty under ipp if and only if Pj + ^ r + 1. 

Proof. We only need to check that for any j G {l,...,d — 1}, any i satisfying 
r + 1 — < i < P? — 1 is in Ip, and for any j G {1, . . . , d}, any i satisfying 
Pf_i < i < r — Pj is in I p. Both can be verified easily. □ 

Definition 3.6. Suppose (P Y ,P z ,e) is admissible. Define 

Jp = J{^,H Z ) := {J = 1 < J < d - 1 : ^(j, j) ± 0}> 

Note that the sets Jp and are not necessarily disjoint. Now we state the main 
lemma of this section. 

Lemma 3.7. Suppose (P ,p z ,e) is admissible. Then we have the following two 
identities: 

(3.11) 

r 

X>f+ a f-i-d) = E E ( a l + a r- l -d)+Y E {aj+a^-d), 
(3.12) 

®(P Y ,P Z ,e) = J2 E (bj +1 +bf_ 1 +e j -r-l)+ 

E E m + tf-i-r-l) + (bU+Pj-r-l)). 

Proof, p. lip follows immediately from ()3.8j) and Lemma 13.41 Thus, wc only need 
to prove ()3.12j) . We first rearrange the summand in the definition of SH(P Y , P z , e) 
and get 

d-l 

@(P Y ,P Z , e) = YS0j +Pj~r- l)(bj +1 + b z _ x +€j-r- 1)+ 

3=1 

3=1 3=1 
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Then by using (|3.6p and (|3.7p . we rewrite the second and third sums in the above 
formula 

d-1 d-1 

^(r+l-/3]; i -/3/)(6j +1 +/3/-r-l)+^(r+l-/3j-/3f_ 1 )(6f_ 1 +/3f-r-l) 
i=i j'=i 

d-1 d 

= ^(r+l-^ +1 -/3f)(6f +1 +/3f-r-l) + ^(r+l-/3f-/3f_ 1 )(6f_ 1 +/3j'-r-l) 

d 

= £(r + 1 - (3j - ^{(bj + 0f_ 1 - r -l) + (bf_ 1 + 0f-r-l)). 
i=i 

Therefore, 

d-i 

5>(/3 F , c) = J2(PJ +Pf- r - + 6f-i + ej - r - 1)+ 

i=i 

E( 7 - + 1 -^-^i)(( 6 J+/ 3 f-i- r - 1 ) + ( 6 f-i+^- r - 1 ))- 

However, by Corollary 13.51 we know that f3j + f3 z — (r + 1) = for any j £ 
{1, . . . , d - 1} \ J/3, and (r + 1) - /3J - /3f_! = for any j £{l,...,d}\ J' . Thus, 

@([3 Y , (3 Z , e) = (Pj + Pf - r - l)(b? +1 + bf_, +e j -r- 1) + 

E( r+i -^-^-i)(( 6 r+^-i- r - i )+( & f-i+^- r - 1 ))- 

Applying Corollary 13.51 again, we obtain (|3.12p . □ 



4. Comparison of terms 

Lemma T3.7I synchronized the indices on both sides of (|2.2[) . In this section, we 
will show each term in (|3.12p is less than or equal to the corresponding term in 
(|3.1ip , then conclude Proposition 14.31 which is a stronger version of Theorem 12.31 
including a necessary and sufficient condition for the equality in (|2.2p to hold. 

Lemma 4.1. Suppose (f3 Y ,/3 z ,e) is admissible. Let i 6 Ip, and ifipty) = (ji,j2)- 
Then we have the following: 

(i) a Y > ji, and of — ji > bj i+1 — (r — i), where the second equality holds if 
and only if either a Y = j\ , or a Y > ji and any integer between j\ + 1 and 
of (inclusive) is in a Y . 

(ii) a z _ i > d — J2, and af_, — (d — .72) > ^f 2 -l ~ *> where the second equality 
holds if and only if either a z _ { = d — j%, or a z ,_ i > d — j '2 and any integer 
between d — + 1 and a z _ t (inclusive) is in a z . 

Proof. By (pT9]) . (|3~Tj) and (A2B), we have that 

»>r + l-/3£>r+l-&£= #{z : a Y < ji}. 
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Thus, aj > ji. If a? = ji, then ji G a Y . Thus, by (|BT]l . b Y Y = bj i = 1 + 
Thus, af - ji = = 1 + bj 1+1 - b Y aY . If aj > ji, then aj > j\ + 1- Hence, 

aj-h = l + af-(ji + l) 

> 1 + #{*o : ji + 1 < a? < a Y } 

= l + #{*o:o^>ii + l}-#{i :a^>on 

= i+&j 1+ i-&r r 

Note that by (Al), b Y Y = (r + 1) - i. Therefore, (i) is true. 

Similarly, we can prove (ii). □ 

Now we can prove the desired inequalities between the terms in (|3 . 1 2j) and (I3.11| . 

Lemma 4.2. Suppose ((3 Y ,f3 z ,e) is admissible. Let i G Ip. 

(i) Ifip0{i) = (j, j) f° r some 3 e {1, • • . ,d- 1}, i/ien 

(4.1) a Y + a z _ t - d > 6j +1 + bf_, + e 3 - r - 1, 

where the equality holds if and only if (a Y ,a z ) is connected at i via j and 
V = 1. 

(ii) Ifipp{i) = (j - 1, j) /or some j G {1, . . . , d}, iften 

(4.2) af + a?_, - d > (bj + pf_, - r - 1) + (bf_, + [3 Y - r - 1) . 

Proof. Suppose i>p{i) — {],])■ Combining (i) and (ii) of Lcmma l4.1l togcthcr. setting 
ji = ]2 = j and using (CI), we and 

aj + a^-d = {a Y -j 1 ) + {a z _ i -{d-j 2 )) 



> 



^+i-(r-») + 6f a _i-i 



r 



> bj^ + bf^ + ej-r-l, 

where the equality holds if and only if any integer between j and aY (inclusive) is 
in a Y , any integer between d — j and a z _ i (inclusive) is in a z , and ej = 1. Note 
that Lemma [4.11 also gives that d — a z _ i < j < a Y . Therefore, we conclude that 
equality holds in (|4.ip if and only if (a Y \a z ) is connected at i via j and ej = 1. 
Suppose ip (i) = {j - Then i G {«o G Ip : ^(^o) = (j - By Corollary 



(r + 1) - # - /3f_! > 0. 
Combining (i) and (ii) of Lemma 14. ll togcthcr. setting (ji, .72) = (j — 1, .7) and using 
the above inequality, we get 

af + a^-d = (of -ji) + (a z _ i -{d-j 2 ))-l 



> 



bl +l -{r-^) + b Z 2 _ l -i-l 



> {bj +0f_ 1 -r-l) + {bf_ 1 +0 Y -r-l). 

□ 

The following proposition, which is the main result of the section, follows imme- 
diately from Lemma 13.71 and Lemma [ 



10 



FU LIU 



Proposition 4.3. Suppose {[3 Y ,j3 z ,e) is admissible. Then 

r 

(4.3) ^(p Y ,f3 z ,e)<^i+^- i -d), 

i=0 

where the equality holds if and only if both of the following two conditions hold: 

(i) J'p is the empty set, or equivalently (by Corollaru \3.5\) , 

Pj + Pj-i = r + 1, for any j = 1, . . . , d. 

(ii) For any j G Jp and any i S ipg~ (j,j), we have that (a Y ,a z ) is connected 
at i via j, and tj = 1. 

Theorem 12.31 is an immediate corollary to Proposition 14.31 

Corollary 4.4. If there exists an admissible (/3 ,f3 z , e) such that equality holds in 
(|4.3|) . then (a Y ,a z ) is connected. 

Proof. Suppose (f3 Y ,f3 z ,e) is admissible. We must have that conditions (i) and (ii) 
of Proposition 14.31 hold. Jp is empty, so for any i G Ip, ipp(i) = for some 

j G {1, . . . , d — 1}. Thus, (a Y ,a z ) is connected at any i G Ip. Recall Ip = {[3 Z < 
i < r — Pj}. However, by (C6), the only possible z's not belonging to Ip are and 
d. If Ip, then /3jf = 1. Thus, by ([34]) . we have that a Y = and a z = d. Hence, 
(a Y , a z ) is connected at i = via j = 0. We can similarly show that if r $ Ip, then 
(a Y , a z ) is connected at i = r via j = d. □ 

5. Proof of the main theorems 

In the previous section, we showed that the connectedness of (a Y , a z ) is a neces- 
sary condition for having an admissible (f3 Y ,[3 Z , e) which achieves equality in (|2.2p . 
In this section, we will show it is also a sufficient condition. 

Proposition 5.1. If (a Y , a z ) is connected, then there exists an admissible (f3 Y , [3 Z , e) 
such that 

r 

®(f3 Y ,(3 z ,e) = ^(a Y + a z _ z -d). 

i=0 

The idea of the proof is constructive, i.e., we will explicitly describe how to 
construct an admissible (f3 Y , (3 Z , e) from a connected (a Y , a z ) such that the equality 
holds. We will discuss properties of a connected (a Y ,a z ) and use those to make 
our construction. 

Lemma 5.2. Suppose (a Y ,a z ) is connected. For any < i\ < ii < r, if (a Y ,a z ) 
is connected at i\ and ii via ji and ji, respectively, with j\ > j'2, then (a Y , a z ) is 
connected at i via j, for any i : i\ < i < 12 and any j : ji > j > j-2- 

Proof. Since (a Y , a z ) is connected at i\ and ii via ji and j'2, respectively, we have 
that ji < a Y i , and any integer between j'2 and a Y 2 is in a Y . However, because 
ji < j < ji and by (Al), we have that a Y % < a Y < a Y 2 , we conclude that 

32 <j< ji < a Y 1 <a Y < a Y , 

so any integer between j and a Y is in a? . Similarly, we can show that d — a z _ i < j 
and any integer between d — j and a z _ i is in a z . Hence, (a Y , a z ) is connected at i 
via j. □ 
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Lemma 5.3. Suppose (a Y ,a z ) is connected. There exist J C {0, . ..,d} and a 

surjection 

) : {i : < i < r} -»• J 

satisfying 

a) For any i : < i < r, (a Y , a z ) is connected at i via 

b) For any < i\ < 12 < r, we have that < j (^2)- 

Proof. For any i : < i < r, we define to be the greatest j such that (a Y , a z ) 
is connected at i via j. Let J = {j(i) : < i < r}. We check that J and j : i ^ 
satisfy the required conditions. First, it is clear that j : i 1— ► is a surjection, 
and a) holds by the definition of j(i). Suppose b) does not hold. Then there exist 

< i\ < 12 < r such that > j (*2 ) ■ However, by Lemma |5.2[ (a Y ,a z ) is 
connected at ii via which contradicts the definition of j (?2 ) • O 

Lemma 5.4. Suppose (a Y ,a z ) is connected. Let J and) satisfy the conditions of 
Lemma \5.S\ Define J = J\{0, d}. Suppose the elements in J are j\ < J2 < ■ ■ • < j s . 
Set jo — and j s +\ = d. For any fc:0<fc<s + l, we define 

(5.1) h = {i\ > 3k}- 
Then we have the following 

(5.2) i>r + l-\I k \^j(i)>j k , for any k = 0, . . . ,s + 1. 

(5.3) b Y > for any k = 0, . . . , s + 1. 

(5.4) bf k > r + 1 - llfc+il, /or any A = 0, . . 

(5.5) |7 fc | - I > 1, for any k=l,...,s. 

, ^ i\r], an = , r , , f{0}, = 

5.6) 7 S+1 = Jl ° a n d{0,...,r}\J 1 = ^ ; ' 

Proof. Because of condition b) described in Lemma l5.3i the i's in 4 must be the 
largest |4| i's in {0, . . . ,r}. Thus, i £ 4 if and only if r + 1 — |4| < i < r. Then 
([5T21) follows . 

For any i G 4, since af > j(i) > i G {i : a Y > j k }. Thus, 4 C {i : a^J > 
ifc},so6T > |4. 

Let k G {0, . . . , s}. For any i ^ 4+i, we have that ){i) < jk+i - Because G J C 
{jo, ji, ■ ■ ■ , js, js+i}, we know that )(i) < j k . Thus, af_ l > d-)(i) > d-j k . Hence, 

1 E {i ■ a z _ io > d~j k }. We conclude that {0, . . . , r}\I k +i Q {i : a z _ ig > d~j k }. 
Therefore, bf k > r + 1 - |4+i |- 

For any k £ {1, . . . , s}, since j k G J, by the definition of J, there exists i such 
that ){i) = j k . Thus, 4 \ 4+1 is nonempty, and (|5.5p follows. 

4+i = {« : > rf} = {i : j(i) = d}. For any i with j(i) = d, we have that 
a Y > d, which implies a Y — d and i = r. Thus, I s +i Q {r}. However, one checks 
that there exist i such that )(i) = d if and only if a z = 0. Therefore, the first half 
of (|5.6p holds. We can similarly show the second half of (|5.6[) holds as well. □ 
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Proof of Proposition 1 5. 1\ Suppose (a Y ,a z ) is connected. Let J and j satisfy the 
conditions of Lemma 15.31 Define J, jo, ji, ■ ■ ■ , js+i, Io, 4, ■ ■ ■ , Is+i as in Lemma 



Note that for any j with 1 < j < d, since = jo < ji < ■ ■ ■ < is < js+l = d, 
there exists a unique k G {1, ...,s+ 1} such that jk-i < j < Jfc- We define 
/? r = = {/3f}j=o, and e = {e,}^ 1 as follows: 

(5.7) 0£ = (3%=r + l, 



if j e J, 
if J ^ J, 



(5.8) e j = | 
and for any j : 1 < j < d, 

(5.9) /3f = |J fc |, and pf_, = r + 1 - \I h \, if j fc _i < j < j fc . 

We now show that (f3 Y ,f3 z ,e) is admissible. For any j G J, there exists i such 
that = j. Thus, by the definition of (a Y , a' 2 ) being connected at i via j, we have 
that j G a y and d — j G a z . Therefore, (CI) is satisfied. From (|5.9p . one sees that 

(5.10) /3 Y + = r + 1, for any j = 1, . . . , d. 

Therefore, (C5) is satisfied. By (|5.6[) and (|5.7p . it is clear that (C6) holds. Below, 
we verify that (C2)-(C4) are true. 

Let j G {1, . . . , d — 1}. We first consider the case when jk-i < j < jk for some 
k G {1, . . . , s + 1}. Then by $fi$, JB2}, JO) and fOl . 

6]; i >^>|7,|=^=^-e J -=/3f +1 , 

(5.11) 6f_! > 6f fc _, > r + 1 - |4 \=0?=0f- e 3 - = /3f_ l5 

/3 y + 0/ - ej - = /3 y +1 + $ = r + 1. 

Hence, (C2)-(C4) are satisfied in this case. 

Now suppose j = jfc, for some k G {1, . . . , s}. (Note that k ^ s + 1 because 
j < d.) Then by jEQ), ((ESJ), O, (El, JSSJ 

= & r - 1 > |4| - 1 = f3j - e j > |4+i | = f3j +1 , 

(5.12) 6f_! = bf - 1 > (r + 1 - |4+i |) - 1 = j9f - e 3 - > r + 1 - |4| = A^f-i, 

/3 y + 0f - £j = |4| + (r + 1 - |4+i|) - 1 > r + 1. 

Hence, (C2)-(C4) are satisfied. 

Therefore, we conclude that (f3 Y ,(3 Z , e) is admissible. We claim this is what we 
are looking for, i.e., %){I3 Y , (3 Z , e) = X^ =0 (af + a r-i ~ d). By Proposition PI it is 
enough to show the following two conditions hold: 

(i) J'p is the empty set, or equivalently, (3 Y + Pf-\ = r+1, for any j = 1, . . . , d. 

(ii) For any j G Jp and any i G ipp we have that (a Y ,a z ) is connected 
at i via j, and e 3 = 1. 

We have already seen that (i), i.e., (|5.10p holds. Furthermore, by Corollary 13.51 
(|5.10p . (|5.11|) and (|5.12p . we have that for any j G {1, . . . , d— 1}, j G J/j if and only 
if /3 y + /?/ > r + 1 if and only if [if > if and only if j G J. Thus, 

•4 = J- 
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Suppose j £ Jp = J and i e if) a (j,j)- Then j = jk, for some k £ {1, . . . , s}. 
Therefore, by Lemma \'3. 41 we have that 

r + l-\l k \=r+l-pj <i<(3f = r + l- |7 fe+1 |. 

However, by (|5.2| . r + 1 — |/fc < i if and only if > jt, and i < r + 1 — |/fc+i| 
if and only if < j k+1 . Hence, jk < < jk+i- Since £ J C {j < j x < 
■■■ < js < js+i}, = jk' for a unique k' G {0, . . . , s + 1}. Therefore, = jfe. 
Therefore, (a y , a z ) is connected at i via j(z) = jk = j- Moreover, by the definition 
of e, it is clear that ej = 1. Therefore, (ii) holds as well. □ 

Theorem 12.41 follows from Corollary 14.41 and Proposition 15.11 Therefore, as we 
discussed in Section 2, we can conclude Theorem 11.21 We finish our paper with an 
example of a typical situation in which the conditions in Theorem 1 1 . 2 1 arc achieved. 

Example 5.5. Let r = 1 and d = 2. Set 

a o = a o = 1 , a i = of = 2. 

One checks that (a Y ,a z ) satisfies (A1)-(A3). Furthermore, (a Y ,a z ) is connected 
at both i = and i = 1 via j = 1. Thus, (a Y , a z ) is connected. 

In the case when g = 0, there exist linear series with arbitrary vanishing se- 
quences at a single fixed point, so in the reducible case, there exist EH limit linear 
series with arbitrary (a Y ,a z ) satisfying (Al)-(A3). In particular, we see that 
G r d (X\ a Y ,a z ) is nonempty in the above example. Note that equality in (A3) does 
not hold for i = 0,1. Thus, G r d {X\aX ,a z ) consists entirely of crude EH limit lin- 
ear series. Hence, by Theorem 11.21 this gives examples of crude limit linear series, 
7r _1 (G^(A; a Y , a z j), which contain an open subset of G r d (X). 

Acknowledgements. I would like to thank Brian Osserman for suggesting this 
problem, and for explaining the geometric background. 
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